Abstract -This paper presents an application of fractional order controller for the control of multi input multi output twin rotor aerodynamic system. Dynamics of the considered system are highly nonlinear and there exists a significant cross-coupling between the horizontal and vertical axes (pitch & yaw). In this paper, a fractional order model of twin rotor aerodynamic system is identified using input output data from nonlinear system. Based upon identified fractional order model, a fractional order PID controller is designed to control the angular position of level bar of twin rotor aerodynamic system. The parameters of controller are tuned using Nelder-Mead optimization and compared with particle swarm optimization techniques. Simulation results on the nonlinear model show a significant improvement in the performance of fractional order PID controller as compared to a classical PID controller.
Introduction
Twin rotor aerodynamic system (TRAS) has gained a significant attention of the researchers in the past few decades. TRAS is highly nonlinear and there exist a strong cross-coupling between the horizontal and vertical axis of rotors. So it is always been a challenging task for the researcher to achieve a precise level of accuracy in the control of such systems. TRAS is a multi-input multioutput (MIMO) laboratory setup ( Fig. 1 ) which resembles in functional behavior to the helicopter.
In this study, a fractional order PID (FOPID) controller is designed to control pitch and yaw position of nonlinear TRAS model using Nelder-Meads (N-M) optimization technique. For such type of MIMO system where the crosscoupling between the axes has strongly influenced on system dynamics and robust stability is the prior requirement of application, classical controllers are often failed to achieve desired performance. The choice of fractional order controller (FOC) looks promising due to its better transient response result compared to integral order controller.
Moreover, it provides less overshoot and is less sensitive to variation of the system parameters when FOC applied to fractional order systems (FOS) [1] .
In the recent years, a substantial studies and applications are being focused on FOPID controller. A simple structure controller is found very effective as compared to other classical controllers [2] . FOPID controller has found its application in control of single input single output (SISO) systems such as speed control of DC motor in [3] [4] , torsional system's backlash vibration suppression control in [5] , bioreactor control system in [6] and position tracking control of electro hydraulic servo system (EHSS) in [7] . FOPID controller has also been applied to MIMO system in [8] [9] . All such applications were required optimally tuned controller parameters based upon the optimization technique, search space dimension and fitness functions.
PID controller due to its ease in design and implementation has been applied to nonlinear TRAS [10] [11] [12] [13] and its performance was greatly improved by optimal tuning controller parameters using genetic algorithm (GA) optimization technique. An optimal state feedback controller approach was considered in [14] to control azimuth and elevation angle and height of TRAS when moving upward, whereas output feedback control strategy was used in [15] to control pitch and yaw position of nonlinear TRAS. A higher order 2-DOF-controller was designed and implemented on TRAS laboratory setup in [16] . The controller was capable to account for model uncertainties and was able to maintain stability. The difficulty in implementation of higher order controller was also addressed.
In this paper, a FOPID controller is designed to control the pitch and yaw angles of TRAS while minimizing the effect of cross-coupling between the two axes and robustness against external disturbances in the control channel. A nonlinear mathematical model of TRAS is first linearized in both integer order and fractional order model representation. A novel contribution in this paper is fractional order model identification based on input output data from nonlinear TRAS. Based upon that model, FOC is designed separately for pitch and yaw. The parameters of controller are tuned using N-M optimization and particle swarm optimization (PSO) technique. A performance index is formulated to evaluate the controller performance. To validate the effectiveness of the designed controller, it is tested on the nonlinear model of TRAS. Simulation results reveal remarkable improvement in performance using FOPID controller designed using N-M technique compared to classical PID controller and other FOPID design technique included in the literature. Moreover it has been analyzed that FOS gives better representation of system dynamics as compared to integral order.
The rest of the paper is organized as follow: Problem formulation and nonlinear dynamical model of TRAS is presented in Section 2. A detailed description of control strategy is illustrated in section 3 that includes fractional order model identification and FOC design procedure for nonlinear TRAS. Section 4 contains a brief description of optimization technique applied to tune controller parameters. FOPID controller design and simulation results are presented in section 5. Finally the concluding remarks are given in section 6.
Problem Formulation and Dynamical Model of TRAS
The mechanical structure of an actual TRAS model [10] is shown in Fig. 1 , where the two rotors are connected to the ends of the beam. One is considered as main rotor and other as tail rotor. The beam can move freely in horizontal and vertical planes. The equilibrium point of the beam is decided by a counterbalance and one end of its arm is connected to the beam at pivot point and other end with a weight. Two DC motors are used to drive main and tail rotors. The main rotor provides the vertical movement and rotates about the pitch axis whereas the tail rotor turns the beam right or left about the yaw axis. A nylon screw is mounted near the pivot point that restricts either the horizontal or the vertical degree of freedom to 1-DOF.The whole unit is placed on tower that allows safe helicopter control experiments.
Using the Fig. 1 , the nonlinear dynamical equations have been written and parameter values of TRAS are shown in Table 1 . In [14] , the momentum equations for the vertical movement are derived as
Where is the nonlinear characteristic induced by the rotor and is approximated by a 2 nd order polynomial given by (2) where and are static characteristic parameters and the expression for the term is explained in the sequel. The weight of helicopter generates gravity torque about pivot point and can be described as sin
where is the gravity momentum. The frictional torque can be estimated as
where is friction momentum parameter. As Coriol is force cause the occurrence of gyroscopic torque and is dominated when moving main rotor turns its position in azimuth direction and can be described as Cross reaction momentum parameter 3.5
Cross reaction momentum parameter 2 where is termed as gyroscopic momentum paramter. Note that (5) shows the cross-coupling effect in the horizontal plane.
The DC motor 1 and the electrical control circuit can be approximated by a 1 st order transfer function and the motor momentum in Laplace domain is described as (6) where is the gain of motor 1 and , are motor 1 denominator parameters. is the motor input voltage.
In a similar fashion to Eq. (1)- (5), the net torque produced in horizental plane motion is described by a dynamical equations as , ,
where is the nonlinear stationary characteristic similar to main rotor and is approximated by (8) where and are the statistic characteristic parameters. Similar to Eq. (4), friction torque is calculated as (9) where B is friction momentum function parameter. The cross reaction momentum M is approximated by
where k is cross reaction momentum gain. T and T are cross reaction momentum parameters. The DC motor 2 and the electrical circuit transfer function with electric circuit transfer function is given in Laplace domain in [14] as
where k is gain of motor 2. T and T are motor denominator parameters. u is the voltage applied to motor 2. The state vector of TRAS is x ψ ψ ϕ ϕ τ τ M , where ψ is pitch angle, ψ is pitch rate, ϕ is yaw angle, ϕ is yaw rate, τ is momentum of main rotor, τ is momentum of tail rotor and M is gyroscopic torque. The input control vector is u u u , where u and u are the input voltages of main rotor and tail rotor respectively. The controlled output vector is y ψ ϕ . The nonlinear mathematical model of TRAS described from (1-11) represents the system dynamics. Then nonlinear model is first approximated in fractional order LTI model representation prior to the FOC design. Later on, the designed controller is implemented on nonlinear dynamical model to validate performance.
Control Strategy
The TRAS is characterized by highly nonlinear, complex and inaccessibility of some states for measurements and hence can be thought of as a challenging problem due to significant cross coupling between the horizontal and vertical axes. Keeping in view the model complexity and to improve the performance of classical PID controller, a selection of FOPID controller is promising. The proposed controller is expected to improve the performance of system in terms of stability margin, operating frequency range and disturbance rejection capability. Several performance criteria are available to evaluate the controller performance. This research includes integrated absolute error (IAE) to evaluate the system performance because it tends to produce the response with less sinusoidal oscillation. The transient analysis of controller is based upon specifications such as settling time (T ), rise time (T ), overshoot ( σ , steady state error ( E ) and integrated absolute error (IAE). The tools used for frequency domain analysis are gain margin G , phase margin ( P and operating bandwidth. The performance criteria K s is defined by assigning weight to each factor as | | (12) In coming section, fractional order model identification method of TRAS and brief description of FOC are discussed.
Fractional order model identification of TRAS
Fractional calculus (FC) is the part of mathematics that outspreads derivation and integration to a random order. It simplifies the traditional differential operator ≡ / to a fractional operator, where α is a real number. However, its characteristic complication reduces the use of the associated ideas [17] .
In order to design and analyze appropriate controller, it is very important to know about accurate mathematical model of a system. Due to nonlinear system dynamics, the accurate mathematical model is higher order. The Laplace transformation approach gives a closed approximation of higher order system but it is not accurate as fractional order representation of system [18] . It is proved in [19] that any dynamical system whether it is lumped or continuous can be represented in fractional order. A fractional order model representation of system is more adequate representation than integral order model. Some methods of fractional order model identification in time domain are discussed in [20] - [26] and in frequency domain in [27, 28] .
Overall, FOS can be expressed as LTI fractional order differential (FOD) equation of the form:
Or by a continuous transfer function of the form
( 1 4 ) ( 1 4 ) where , are real numbers and , are random constants.
This section presents the fractional order model identification of TRAS. Two approaches are being followed for system identification: one way is to linearize nonlinear term of given model using any linearization technique. The other is indirect approach using input-output data from nonlinear real time system.
In this paper, the fractional order model of TRAS for pitch and yaw is identified in closed loop configuration of system using indirect approach. Input-output data set is collected from nonlinear TRAS system in closed loop configuration. The data is then fed to fractional order identification FOMCON toolbox in MATLAB [25] . Grünwald-Letnikov method of approximation is used and can be defined as
The open loop fractional order model is extracted later on from the identified closed loop model. The model identification curve is shown in Fig. 2 .
The fractional order transfer function representation of system is given by 
The fractional order model in (16) (17) is used as benchmark in the design of FOPID controller. There is an increasing trend of researchers on FOPID controller design for various applications. The proposed controller has simple structure. Due to the availability of additional adjustable parameters (i.e. , , the FOPID controller has been found effective as compared to classical PID controller. A block diagram representation of the control strategy is shown in Fig. 3 . It provides robustness under the variation of system parameters, controller parameters and external load [29] [30] . So it is quite suitable for TRAS as there are some uncertain parameters that classical PID was found less effective to overcome.
Fractional order PID controller
In the application of FOPID controller, mainly two type of problem arises. The first one is the model approximation or realization and the other is to tune the controller parameters. Two techniques are used extensively for model approximation. The first one is interpolation technique and other is curve fitting technique such as Oustaloup filter [31] . The problem of parameter tuning is more critical than the first one. So there is a need of some optimization technique that can tune the system parameters according to desire specification.
In this paper, the FOPID controller is applied to control the angular position of level bar of TRAS. The problem of parameters optimization is solved using Nelder-Mead optimization criteria. Fitness function is calculated according to criteria given in (12) . FOPID controller is applied using FOMCON toolbox in MATLAB [32] . The toolbox for MATLAB is intended to help developing fractional order model and controllers and to assess their performance. It allows simulating, optimizing and analyzing FOPID controllers easily via its functions
Parameter Tuning using Optimization Technique
The section discusses the N-M algorithm and PSO technique to tune the parameters of FOPID controller. The objective function is to minimize the performance index defined in (12) such that closed loop system is internally stable. The comparison of both techniques is done in simulation results.
Nelder mead optimization technique
In this section, the parameters of FOPID controller are tuned using N-M optimization [33] . It is a simplex based algorithm to find local minima and was first proposed by Nelder and Mead in 1965.This method is computationally simple so that it is recognized as well known in the field of parameter optimization. This method has the closest resemblance to differential evolution (DE) and PSO [34] . This method applies pattern search approach of 1 dimensional shape and does not require derivative information to minimize the function of n variables. The search done by N-M is based on geometric operation (reflection, expansion, contraction, and shrinking) on the corner sets of point seen as corner of n-dimensional polygon to determine which point in space to evaluate next. The overall behavior of N-M algorithm is to expand or focuses the search adaptively on the basis of topology of fitness landscape.
As the original versions of DE and PSO, N-M algorithm requires the search space to be continuous and the points in space to be represented as vectors of real numbers [35] . There is no generalization of N-M algorithm to combinational space. N-M technique has been applied to tune the parameters of PID controller designed for position tracking control of EHSS [36] . Simulation results show better tacking performance as compared to self-tuning fuzzy approach. The procedure for N-M search is shown in Table 2 .
In this paper, the N-M technique is applied to tune , , , and parameters of FOPID controller. The tool for parameter identification using N-M techniques is discussed in [37] . The performance criteria developed in (12) is used as a fitness function.
Particle swarm optimization technique
PSO is population based stochastic optimization technique inspired by social behavior of bird flocking and fish schooling [38] . It is a computational based method that optimizes the problem by improving the candidate function iteratively. In PSO, each individual is called a particle and each particle updates its position according to its own flight experience and the companion experience. Each particle is treated as a point in n-dimensional subspace, where the particle is represented as , , … … . The previous best position is called and is represented as … … .
. The best particle amongst all in the population is called . The velocity vector is updated according to current position of each particle. The particles are updated according to the following equations:
. . . . . (19) where and are positive constants and is a random function between 0 and 1.
is the global best value of particle and is the inertial weight. Equation (19) is used to find the new velocity and position update, where m represents the number of iterations.
In this paper, PSO is adopted to tune the parameters of FOPID controller and is compared with N-M technique. The optimized value of parameters is shown in Table 4 .
FOPID Controller Design and Nonlinear Simulation Results
This section covers the FOPID controller design and simulation results based on the nonlinear model of TRAS.
FOPID controller design
This subsection explains the design strategy of pitch and yaw angles control of TRAS using FOPID and PID controller. The overall setup of TRAS is MIMO so two separate controllers are designed, one for the control of pitch angle in vertical direction and other to control yaw in Table 2 . Nelder-mead algorithm to tune fopid parameter Replace W with S Replace G with M END { Case(ii)} horizontal direction. A block diagram representation of overall controller design strategy is shown in Fig. 3 . In this design, N-M optimization and PSO techniques are adopted to tune the controller parameters under the following constraints; Rise time is limited to 5s, settling time is set to 10s, % overshoot not more than 20% is allowed, gain margin is set to 10dB and phase margin to 60 .The algorithm provides pattern search approach with k 1 dimensional shape, where k is the number of parameters to be optimized (k 5 in our case). Initially, the value of parameters of FOPID controller is set to K K K 1, λ μ 0.5. The algorithms provide online tuning of controller parameters based upon system model. In PSO tuning algorithm, the range of particles is set from 0 to 100. The size of swarm and maximum bird step are assumed to be 50. The optimized value of PID and FOPID parameters are shown in Table 3 and Table 4 . N-M optimization method selected one vertex from search area on each iteration. PSO technique easily falls in optimal solution but due to the requirement of various particles the speed of computation is slow.
By using the optimal value of parameters, the controller performance is tested in closed-loop configuration under various reference tracking signals. Simulation results are discussed in detail in the upcoming section.
Simulation results
Here the simulation results of FOPID controller applied to control the pitch and yaw angles of MIMO TRAS system are presented. Two optimization techniques (N-M and PSO) are used in this research and simulation results are compared in the end. To check the robustness of the FOPID controller the disturbance signals (sinusoidal functions of states ( ψ, ) are also applied at the input control input channel. The feasibility and the tracking performance of the designed controllers are checked by applying different reference signals. Simulation results are based upon nonlinear model of TRAS and are compared with conventional PID and FOPID approach applied in [9] .
Simulation results at various reference signals show the dominant performance of proposed methodology. It may also be noted that fractional order model of TRAS gives better representation of system dynamics compared to integer order model. Also N-M optimization technique applied to nonlinear TRAS gives more optimally tuned controller parameters as compared to PSO.
In the simulation results shown in Fig. 4 , step reference commands are applied to pitch up (to increase height) and at the same time movement in the yaw direction to change heading. It is clear from the results that FOPID tuned using N-M has improved performance in terms of transient and ensures to reach steady state condition earlier as compared to FOPID tuned using PSO and conventional PID controller. Moreover, FOPID controller possesses less overshoot as compared to PID controller.
In Fig. 5 , a reference trajectory for both pitch and yaw is take 0.1 sin 0.1 0.1 sin 0.05 0.1 sin 0.02 . Simulation result shows better reference tracking of FOPID controller on time varying trajectory comparable to PID controller. In case of yaw, the tracking of PID controller is comparable to FOPID controller. But the FOPID controller required less control effort to achieve desired trajectory as compared to PID controller shown in Fig. 8 .
The simulation results presented in Fig. 6 show that cross-coupling effects are minimized while applying the step reference command to pitch up only and yaw reference command is zero. It is clear from simulation results; FOPID tuned using N-M technique is able to minimized coupling effect more effectively as compared to Fig. 7 shows the tracking performance of TRAS system in the presence of disturbances at the control input channels of the system to demonstrate the robustness of the proposed scheme. The disturbance signals, 0.5 sin and 0.5 sin , are applied at control input channels of pitch and yaw. TRAS output shows that the proposed scheme has the capability to maintain steady state in less time even in the presence of disturbance. Finally the comparison of control effort required controlling the pitch and yaw for PID and FOPID controller (N-M & PSO) is shown in Fig.  8 . Results show that FOPID controller design proposed in this paper has required less control effort compared FOPID design using PSO and PID controller. The comparison of both PID and FOPID controller according to transient performance specification is show in Table 5 .
Conclusion
This paper presents the application of fractional order PID controller for accurate control of pitch and yaw angles of two degrees of freedom nonlinear TRAS model. To capture actual representation of system dynamics, the nonlinear TRAS model is first identified in fractional order transfer function representation. Grünwald-Letnikov method of approximation is used for model identification. Based upon the identified model, two separate FOPID controllers are designed to control the pitch and yaw axes of TRAS. The performance of controller is evaluated based upon transient and steady state performance specifications. Nelder-Mead (N-M) optimization technique is adopted to tune the controller parameters and is compared with PSO technique. The validity of the controller is checked by applying it on the nonlinear model of TRAS. Simulation results verified the effectiveness of FOPID controller tuned using N-M technique as compared FOPID tuned using PSO and classical PID controller. The proposed design scheme found robust in the presence of disturbance. It also required less control effort compare to classical PID and other FOPID design techniques. While evaluating performance parameters, it has been clearly analyzed the proposed scheme holds faster response and provide robust stability. 
